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Periodic and Solitary Wave Solutions of the
Three-Wave Problem. A Different Approach
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We consider the inverse problem for a three-wave interaction system in a manner
different from Zakharov et al. and of Kaup. Our method is an adaptation of the
technique due to Date to a 3x3 Lax pair. The analysis leads to a system of
ordinary nonlinear equations for the u,; variables linearizable through a suitable
definition of differential on a Riemann surface. Next, in the degenerate case,
when the u; are equal in pairs, we prove that such a set of equations is exactly
integrable and leads to solitary solutions.

1. FORMULATION

The equations describing the dispersion three-wave process zre
Qi +¢,Qix=ir Q5 Q%
Qa2+ €,Q5, = i, QF QF (1)
Qs+ ¢;Qs, = ir;QF QF

This set of equations has been discussed in detail by Zakharov et al. (1984)
and Kaup (1972) from the viewpoint of inverse scattering. We will also
start from the Lax pair utilized in Zakharov et al. (1984). The x part of the
Lax equation is written as

ird, Qi(x)  Qxx)
U=l @Qf'(x) iAd,  Qi(x) |y (2)
a,Qf'(x) a;Q¥'(x) ird;
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2. INTRODUCTION

The inverse problem for the three-wave process has been dealt with in
detail by Kaup (1972), and Zakharov et al. (1984). The case they considered
was the usual asymptotically decaying case. On the other hand, another
case of equal importance is the periodic inverse problem, which was solved
for the cases of nonlinear Schrodinger (Roy Chowdhury er al., 1985) and
its variants, the sine-Gordon (Forest and Maclaughlin, 1982) and Thirring
models (Date, 1978), essentially following the idea of Date and Tanaka
(1976). In this paper we extend this philosophy to a 3 X3 inverse problem
and show that it is possible to solve both the asymptotic and periodic case
- at one.

In the following we will also require the adjoint of the Lax equation.
Let us denote the adjoint wavefunction as ¢ and the corresponding matrix

as L,

ge=yL 3)

From equations (2) and (3) we easily deduce
(fix= Qi fa+ Q2 fs1 — @ QF fi.— Q3 f1 (4a)
(f22)s = @, QF fi2+ Q3 fr2— Q1 fu1— a3 Q¥ 1 (4b)
(f33)x = Q% fi3+ a;Q% 13— Qa f51— Qi faz (4c)

(fi2)x = A (dy — do) fi2 + Q1(f22) + Q2f32) — Qi(fi1) — a3 Q¥ (f13) (52)
(fa)x=id(dy—d) o+ ay QY (fi) + Q5(fsr) — a1 QF for— a,Q%' f2s (5b)
(fis)x =iA(dy— d3)fis+ Q1(fa3) + Q2 fas — Qaf1n— Q3 12 (5¢)
(fir)x = iM(ds—dy) sy + a, Q3 (fi) + a;Q%'fo1 — a,Qf ' fra— a,Q%'fss  (5d)
and similarly
(fo3)x = iM(dr = d3) fo3+ 0, QF fi3+ Q3 f13— Qofn — Qi fr (5e)
(f2)x=iA(ds— do) o+ @, Q3 fi2 T 43 Q¥ foo— Q1 11— 43 Q3 s (51)
where the f; are the following product eigenfunctions:
fi=va;  (5,j=1,2,3)
We then compute and observe that the following equations hold:

(f12f21 “‘fufzz)x,r =0
(fisfo1=f11f33)%: =0 (6)
(fo3fa2 *fzzfss)x,: =0
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where the subscripts x, ¢ denote differentiation with respect to the corre-
sponding variable. Actually, an identical set of equations is obtained for
the temporal evolution of f; and so we have stated both the (x, t) parts
simultaneously. Equations (6) immediately imply that the quantities inside
the brackets are constants both in space and time, and the eigenfunctions
themselves being analytic in A are analytic functions of A. Hence we set
N+1
fi= L f ﬁAZk
0
(7)

N
L= foa i
0

Substituting in (5a)-(5d) etc., and comparing various powers of A, we get

i(d,—d
Q1= N(+12__ Jxllllfllg (8)
22 11

along with
ot~ difer
a(f2" —fu)
Equations (8) and (9) immediately suggest
fE = ~fi/a (10)
Similar results hold for Q,, Q;, and other f; (i #j). For example,
,_ilds—d)f3 ,_i(ds— dy)f5;

Q:= N+1_ pN+1° Q3= N+1__ oN+1 (11)
33 11 33 11

9)

These equations are useful for the inverse problem of determining the
nonlinear field variables in terms of the information available for f¥. In the
following we elaborate on this aspect.

To proceed further, we now write the integrals of motion of equations
(6) as

2N+2

(flzﬁl‘fufzz):P()\z):_ 20: Pk)\Zk
Fiafor—finfis) = QA7) = Nz 0 (12)

(s for—Fnfos) = Q(A%) = Nz R

In further analogy with Forest and Maclaughlin (1982) and Date and Tanaka
(1976), specify the zeros of the analytic functions f,;, f», and f;; to be at
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the positions as follows:

fu=fu" H A= (%, )]

fo=fn" H [A2=y(x, 1)]

N+1

= T V=05, 0]

2.1. Equations Describing the (u, v, a:) Dynamics

(13)

Before proceeding further, we rewrite the polynomials P, Q, and R as
finite products in the form

2N+

P\ = _r=[0 (A’-A)

with similar expressions for Q and R.
Now substituting (13) in (4a)-(4c) and proceeding to the respective
zeros A% = y;, 3; or v;, we obtain

—I= _i(dl - dz)”}/z

30;

op;
ax

fB-fa
fg+l(fN+1 f{\l’+1)
phe [3-f5

X Lﬂ‘jl;ll (v — Ay +i(dy— d3)”}/2 NPT
N+1
xL T (%-C)
j=1
61/2[fN+1M(fN+l fﬁ'+1)]—1
N+1
X [”f(d1 - ds) '1;11 (6j - B,)(ffé _f;{) - f(dz“ da)
N+1
ORI
l/z[f{\:+lN(fN+l _ff{+1)]—1
N+1
x[i(dl»dz) T (=AY~ 1)

rith=ap T G- BI-13) |

n)

(14)

(15)

(16)
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where N, M, L are the roots of the equation
(n”=A)(p" = A)(n" — A5) =0.

We now go back to the definition of P, Q, and R, and substitute the
expressions for f; in them, and equate various powers of A, which leads to
the following useful identities:

N+1eN+1_ _ p
1n J22 = 2N+2

ffifﬁ+fﬁ”fz”§“(2 M +Z Vj)=P2N+1 17
N+1N+1 __ ( )
11 33 = Q2N+2

fgfé\l! - ﬁ”fa"é“(Z (271 +Z 0}) =Qin+1
Utilizing these, we can immediately write equations (14) in the form

ov; -
L= (= d) v} "[L(Pona+ ()T

1/2 N+
X{(1+al)|:P2N+1+P2N+2(2 ) V])] .I;Il (vj_Aj)}
+(d2_d3)V}/2[L(R2N+2+(fzng)Q]_l

/2 N+
X {(1 +a3)[R2N+1+R2N+2(z V,-+Z U})] 1:[ (Vj - C;)} (18)

Equation (18) contains only the variables (u, v, o); all others are constants.
So equation (18) with two other similar equations for ¢ and u form a
coupled set of ordinary nonlinear differential equations for (u, », o). On
the other hand, an identical set of equations can also be deduced for their
evolution with time. Note that in the above discussions we never assumed
that the nonlinear fields Q,, Q,, Q; vanish as x> =co. The next step is to
define suitable differentials on a properly defined Riemann surface which
will linearize the flow of x and ¢ and with the help of Abel’s inversion
theorem enable us to determine (u, v, o) in terms of # functions. But this
last step is not so instructive, since it is of an abstract nature, so we do not
pursue it any more, but show a different way which will lead to an explicit
analysis of these equations governing the dynamics of (u, v, o). -

2.2. Reduction of Equations

In this section we start with the assumption that the zeros u;, v;, and
o; are pairwise equal; in that case these equations [i.e., (15), (16), or (18)]
can be reduced to the form
1 1 ?_}ﬁ=anjl+ll (i“-j_Aj)_*_.[“zl—[j]\gl1 (,u'j_Bj)
w'? (a+bZMj)1/2 x iy (my—ps) iy (i — 1)
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Instead of considering the general case, we consider only N =2, whence
we are led to

1 1 1 1 1 1

X X X =0
L TP R oy TP R Lo
1 1
1/2 1/2
M1 Mle( ) + s /—szf( 2) IJ~3 /J'Sxf( 3)
1 1
3/2 ! =0 (19)

o R o T

where
fp)=a(p—A)(p—A)(u—A3)+ B(u — By)(uw — B)(n — B;)
=a cubic polynomial in u
Our primary aim is to solve for u,, w,, u; from the three equations in (19),

but before that, these are to be integrated.
The first equation of (19) after quadrature leads to

3 1( 1/2 Ll/Z)A( MI/Z) ( N1/2)C ekl (20)
) (Ml/2+ L1/2)A(”1/2+M1/2) (/-Ll/2+ N1/2)C

whence the second and third equations of (19) yield respectively,

~

(2LY*A+2M"?B+2N"2C) Z pi?+log = 2=k, (21)
R = T (/2= LY P2 - MY/ MB (12— NN
i=1
B= T (! L) (= MYl NN

il
-

and

3
(2L2A+2M**B+2N*?C) ¥ i+(2LA">+2MB"?
i=1

~
&

N
+2NC'?3 ¥ ,u?/2+log—5—=x+k3 (22)
N = ﬁ (Y2 = LYY PA(R Y2 MIZYMPB(, 172 N1/2)NPC
i=1
52 ﬁ (#1/2_‘_L1/2)L2A(M}/2+M1/2) MZB(M;/Z_'_ N1/2) N2C
i=1

So equations (20)-(22) are now algebraic equations to be solved for wu;.
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2.3. Special case

By a suitable choice we can make the constants L, M, N all equal and
in this situation we arrive at the following equations:

12 3u;~5L Y2 [H?:; (Mg/z_Ll/z)A]
2 ———— u =k 23
8 ,—gl L2([.L1“‘L)2 i n ?zl (/,L,-+Ll/2)A 1 ( )

1 > pil /2 1 [ o1 (2= LA
81 Lz(l-l«i - L)z H ?:1 (IL}/2+ LI/Z)AL/3

3 1/2 1/2\ AL?
12 mtlL 'uf/2+ln{:ni=l(/"‘i -L7) ]

} =k; (24)

_§i=l Lz(/-‘vi_L)z ?:1 (,u,,!/z-i- Ll/z)ALz
1
+16L22 (i +6L) ¥ = Ax+k, (25)

which are to be solved for u,. Similar equations can be deduced for o; and
v;. When all these are known, then we know f;—the analogue of square
eigenfunctions, whence the inverse problem is solved via equations (8) and

9).

3. DISCUSSIONS

In the above analysis we have presented a method for the periodic
inverse problem of the three-wave problem. Our method is essentially an
extension of the procedure due to Date. Furthermore, from the degeneracy
condition of the zeros of the squared eigenfunctions we can deduce some
simpler equation for (u;, ¥, or;) which are algebraic in nature and can lead
to the solitary wave solutions. So they actually combine both classes of
solutions together.
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